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UNIT 11l - REALIZATION OF DIGITAL FILTERS

Syllabus

Review of Z-transforms, Applications of Z — transforms, solution of difference equations — digital filters,
Block diagram representation of linear constant-coefficient difference equations, Basic structures of IIR
systems, Transposed forms, Basic structures of FIR systems, System function.

Review of Z — Transforms

Z — Transform expresses a discrete — time sequence as a linear combination of discrete time complex

exponentials.
The Z — Transform of a general DT signal x[n] is defined as

X(z) 2 z x[n]z™"
n=-—o
,Z Is a complex variable = rel®
r =magnitude of z
w=angle of z

The range of values of z for which X(z) converges is called the Region Of Convergence (ROC) of the Z —

Transform.

Specification of z-Transform requires both the algebraic expression for the ZT and the ROC.

Properties of Z — Transform

Property Time Domain z-Domain ROC
Notation: x(n) X(z) ROC:m <zl <y
x1(n) Xi(z) ROC;
x(n) Xi(z) ROC;
Linearity: apxq(n)+axa(n)  a1Xi(z) + 3X(z) At least ROCy" ROG;
Time shifting; x(n - k) z7kX(2) ROC, except
z=0(if k > 0)
and z = x (if k < 0)
z-Scaling; a"x(n) X(a71z) an < |z| < |alny
Time reversal x(—n) X(z7™!) %-::ﬁ 4 -::ﬁ%
Conjugation: x*(n) X*(z*) ROC ’

. - dX(z) : :
z-Differentiation:  n x(n) -2 n<lzl<n
Convolution: x(n) * x(n) X1(z)Xs(z) At least ROC;1 ROG,
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solution of difference equations — digital filters

the convolution sum description of an LTI Discrete — Time System can be used to implement the LTI system.
The output of a Linear Time — Invariant system is given by the convolution sum as

y[n] = x[n] = h[n]
Taking Z — Transform on both sides and using the convolution property of the Z — Transform, we have

Y(z) = X(2)H(2)

Y(2)
X(2)

H(z) is called the System Function or Transfer Function.

or,H(z) =

An LTI system can also be represented by a Linear Constant Coefficient Difference Equation (LCCDE) as

N-1 M-1
Zaky[n—k] = bgx[n—k] ,a,=1
k=0 k=0

Taking Z — Transform on both sides, and applying time — shifting property of Z — Transform, we have

N-1 M-1
Y(2) Z axz™* = X(2) Z byz*
k=0 k=0

Y(z)  IM bz
S X(@) 1+ XN azk

The above equation denotes the system function of an IIR system. It has both poles and zeros.
If a;, = 0 Vk, then, H(z) represents an FIR filter. It has only zeros and no poles.

Block diagram representation of linear constant-coefficient difference equations

A structural representation using interconnected basic building blocks is the first step in hardware or software
implementation of an LTI system.

Basic Building Blocks :
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x[n] 4@[9* yln] x[n]—-‘ A>—» yln]

wn] Multiplier
Adder
x[n]— I > x|n]
N ) I
x[n] z yln] x[n]
Unit delay Pick-off node

A realization is canonic if the realization uses minimum number of delay units. Two realizations are
equivalent if they have the same transfer function.

Transpose operation generates an equivalent structure from a given realization by the following steps:

e Interchange input and output nodes
e Reverse all the paths
e Replace pick — off nodes with adders and vice — versa.

FIR Filter Structures

An FIR filter has a system function given by

From this equation, the impulse response h[n] can be written as

(b, 0=n<M
hin] = {O , otherwise

the difference equation representation is given by
y[n] = box[n] + byx[n — 1] + byx[n — 2] + -+ - + byx[n — M]

The length of the filter is M+1, and the order of the filter is M.
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1. Direct — Form/Transversal/Tapped Delay Line Structure
From the above equation, the direct form structure is as follows

x(n]

- 1 - 1 ——— e — s 1
Y Y — Y Y — Y
T7h.. by 3711_. bar—1 bar
- _I/rIJ]
~(H) - o D
Here, the filter has an order of M, it requires M delays/memory locations, M+1 Multipliers, and M

adders.
Structures in which the multiplier coefficients are directly available as coefficients of H(z) are called
Direct — Form Structures.

2. Transposed version of direct form
By applying the steps to obtain the transposed form to the above direct — form structure, we obtain the
following transposed structure.

x(n) _hO] y(n)
" L o
i
~_h[1] T
> > =)
e
—_h21
— ,\:ifr*—h:'\fh/?
v
2-1
~—hiN-2] 4
o =)
Z—1
—_h[N-1] T

3. Cascade form structure
To obtain the cascade structure, H(z) is factorized in terms of second — order factors and first — order

factors.

H(Z) = bo + b1Z_1 + eeeee + bM_lz_(M_l)
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( M-1)/2

by | | (14 Byxz 1 + Byrz™?) } for M odd
k=1
H(z) = 1 (M-2)/2

bo{ (14 bygz™ 1) (1+ Byxz Y + Bz ?)} for M even
k=1
For example, for M=7 (order =6), the cascade structure would be

A[0]
—O———

P21

Where h[0]=bo
Basic Structures for IR Systems

The convolution sum description of an LTI discrete — time system can, in principle, be used to
implement the system. However, for an IIR system, this approach is not practical, since the impulse
response is infinite in length. So, we use the input — output relation to obtain the realization.

The system function of an IIR filter is

Yico bz ™"
H = ,N=>M
@) = s tg ¥

Order = N-1
The corresponding difference equation is

N-1 M-1

yinl = = > ayln =kl + Y bexln— k]
k=1 k=0

Direct Form — | Structure

The transfer function H(z) of the IIR system is divided into two parts connected in cascade, with the
first part H1(z) containing only the zeroes, and the second part Hz(z) containing only the poles.
H(z) = Hi(2)H,(2)
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Where

M-1
M) = ) b
k=0

And
1

14+ Xl az7*

Hy(z) =

These equations can be rewritten as

M
_W(z) 2 : _
Hi(2) = X(z) kzobkz '

or in time domain
w[n] = box[n] + byx[n — 1] + -+ - + byx[n — M]

And
H,(2) = Y(2) _ 1
W(z) 1+X¥. az7k
Or, in time domain,
y[nl =wln] —ayy[n —1] —apy[n — 2] = -+ -+ — ayy[n — N]

Realizing the above two equations for H1(z) and H2(z) using basic building blocks and connecting them in
cascade, we obtain the Direct Form — I structure as follows
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b vin)
z-!
-2,
+ o i
:
-]
-2y -
+ '

' by - CD ; : N —ay_ )

by I —ay

-

-

...........................................................

All-zero system All-pole system

This realization requires M+N memory units, M+N+1 multipliers and M+N adders.

Direct Form — Il Structure

Since, in a cascade arrangement, the order of the systems is not important, the all — pole system Hz(z) and the
all - zero system Ha(z) can be interchanged .i.e.,

V() 1
H(2) = X(z) 1+3N_ apzk
Or, in time domain,
v[n] = x[n] —ayv[n —1] —ayv[n — 2] — -+ — ayv[n — N]

And

M
_Y(2) _
H,(z) = on kzzobkz k
or in time domain
y[n] = byv[n] + byv[n — 1] + - -+ + by v[n — M]
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Both the time domain equations involve the delayed versions of v[n], and hence require a single set of delay
elements. This results in the Direct — Form |1 structure as follows

N * bo el
=1
- 1 bl
+ +
[
faul
—a; b,
+ +

O————0

z—l

—dy T by

This structure requires M+N+1 multipliers, M+N additions and maximum{M, N} delays. Since this structure
minimizes the number of delays, it is called canonic.

Cascade — Form Structures

The system function of an IIR filter is given by

M_ b Z—k
H(z) = Z"-,‘; d N >M

The system is factored into a cascade of second — order subsystems, such that H(z) can be expressed as

- N+1
H(z) = nHi(z),K = integral part of ——
i=1

If N is odd, one of the subsystems is of first order.

x{n) =x,(n) x5(m) Xy(n}
H,(2) Halz) nen Hy{2) R ——
¥yin) ¥4lm) win)

In the above equation, each of the subsystems Hi(z) has the general form

biO + bilz_l + biZZ_Z

H;(z) =
i) 1+az7 +apz2

GVPW DIGITAL SIGNAL PROCESSING Page 9



Each of the second — order subsystem can be realized either in Direct Form — I, or Direct — Form Il or
transposed form.

xylm) D 1 bio _‘/;\_ninlﬂ..;(n)
Y o/
=
“ap by
O, —
—dg T by

Since there are many ways of pairing poles and zeroes, a variety of cascade realizations are possible.

Parallel — Form Structures

A parallel form realization of an IIR system can be obtained by performing partial — fraction expansion of
H(z2) .i.e.,

H(z) =C+ NE A
7)) = —_—
— -1

£l —pyz

If some poles are complex valued, pairs of complex conjugate poles are combined to get second order
subsystems.
H(z) =C+ Y¥_, H.(2), where

bro + b1z
1+ ak12_1 + akZZ_Z

Hy(z) =
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Hy(2)

1

AL

-

Hy(z} \*J

Each of the subsystems can be realized either in Direct Form — I, or Direct — Form 1l or transposed form.

x(n) ) byo TN

=4y by

—dya
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